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Abstract
By adopting the polynomial interpolation method, we proposed an approach to hedge against
the interest-rate risk of the default-free bonds by measuring the nonparallel movement of the
yield-curve, such as the translation, the rotation and the twist. The empirical analysis shows
that our hedging strategies are comparable to traditional duration-convexity strategy, or even
better when we have more suitable hedging instruments on hand. The article shows that this
strategy is flexible and robust to cope with the interest-rate risk and can help fine-tune a position
as time changes.
1 Introduction
The determination of the interest-rate term structure is one important subject of the pricing
models, the risk management, the time value of money, hedge and arbitrage, et. al. Many
researches focus on the following five aspects: the formation of the term structure, the statical
models of the term structure, the micro analysis of the shape of the term structure, the dynamic
models of the term structure and the empirical test of the dynamical models.
In capital market, hedgers, bond traders and portfolio managers concern more about the
anticipation of the changes in the term structure and the position of interest-rate based instru-
ments. They try to estimate the movement of the interest rate and the risk exposure of the
portfolio, and then they hedge against the risk by adjusting the position of instruments using
some quantitative methods.
The first problem is how to estimate the movement of the interest rate. There are two
approaches to tackle this problem, one can be called the dynamics approach, and the other can
be called the kinematics approach. The motivation of the first approach is that the interest rate
is determined by supply and demand of capital in the market, and one needs to find out the
impact factors (for example, some economic variables) that drive the movement of the interest
rate, and one representative model is the multi-factor model with the econometric method and
the principal component analysis [1, 2, 3]. The motivation of the second approach is based on the
observed properties of the interest rate, such as the mean reversion and the random fluctuation,
and one use the equilibrium models [4, 5, 6, 7] or the no-arbitrage models [8, 9, 10] to describe
the movement of the yield-curve. The stochastic property of the interest rate may arise from
the complicated impact factors yet unknown to us, so up to now, all existing models are only
approximations, which would be invalid once the market environment changes.
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The second problem is how to quantify the interest-rate risk once the yield-curve changes.
A simple and widely used strategy is based on the concept of the duration [11, 12]. Duration
can be used to measure the sensitivity of the price to the change of the yield, and also can be
used to calculate the hedge ratios. Redington [13] proposed a method to immunize the bond
portfolio against the parallel movement of the term structure by using the duration. But this
method gives a sensible risk measure only if the yield-curve shifts in the parallel manner, thus
the duration approach should be improved if the change of the yield-curve is nonparallel.
Nonparallel movement is more realistic in the real market. Many observational data indicates
that there are two types of nonparallel movement, slope change and curvature change. For
example, the term structure may become steep or flat, and the changes of the two sides may be
different from the change of the middle, which is called butterfly shift. Many researchers have
payed attention to the nonparallel movement before. Garbade [14] discussed the immunization
method if the slope of term structure changes. Litterman and Scheinkman proposed a three-
factor approaches by quantifying the level, the slope and the curvature of the term structure [15],
which has been widely used and generated by many researchers. Chambers and Carlet [16]
introduced the concept of multiple duration, which they called duration vectors. This method
is developed by Ho [17], who introduced the concept of key-rate durations based on the interest
rate on the maturity date. Even though these methods are helpful for estimating the interest rate
risk, they are less helpful for predetermining the trade that should be made to hedge against the
risk. Because of simplicity and tractability, the duration immunization method is still favored
by many market participants and other traders.
By adopting the polynomial interpolation method, we propose a method that can measure
the interest rate risk and hedge against the risk. This method preserves the concept of duration
and takes into consideration of various movements of the yield curve, such as the translation, the
rotation and the twist. One can also generalize to other cases in which more complicated evo-
lution behaviors happens to the yield-curve, if one has suitable number of hedging instruments
on hand.
This paper is organized as follows. In the next section, we introduce some main characters
of the interest-rate term structure and its movement properties. In Sec. 3, we introduce our
method to describe the changes of the yield curve, and then propose a dynamical method to
immunize a single bond or a portfolio. In Sec. 4, we show the empirical test of our strategy and
make comparisons with other methods proposed. The conclusion is present in Sec. 5.
2 Statistical properties of interest rate term struc-
ture and immunization
Many motivations of modeling the term structure dynamics arise from the empirical observations
of the interest-rate term structure. Some important movement properties of the interest-rate
term structure are summarized below [18, 19, 20]:
1. Mean reversion: This behavior has resulted in models where interest rates are modeled as
stationary processes.
2. Smoothness in maturity: This property should be viewed more as a requirement of market
operators, which means that the yield curves do not present highly irregular profiles with respect
to maturity. This is reflected in the practice of obtaining implied yield curves by smoothing data
points using splines.
3. Irregularity in time: The time evolution of individual forward rates (with a fixed time to
maturity) are very irregular.
4. Principal components: Principal component analysis of the term structure deformation
indicates that at least two factors of uncertainty are needed to model term structure deformation.
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In particular, forward rates of different maturities are imperfectly correlated. The shapes of these
principal components are stable across time periods and markets.
5. Humped term structure of volatility: Forward rates of different maturities are not equally
variable. This hump is always observed to be skewed towards smaller maturities. Moreover,
though the observation of a single hump is quite common [21], multiple humps are never observed
in the volatility term structure.
We show the movements of the yield curve both with time (t) and maturity (T) in Figure
1. The data are selected by the Wind Financial Terminal 1 from the China Securities Index,
which contains 3-year daily spot rate of the treasury bond, including the maturity of 6 month,
1 year, 2 year, 3 year, 4 year, 5 year, 6 year, 7 year, 8 year, 10 year, 15 year, 20 year. Figure
1 demonstrates the consistency of the term structure with the properties summarized above.
The upper graph shows the evolution behaviors of the spot rate of different maturities. The
below graph shows the yield curves at different time. Table 1 demonstrates that the spot rates
of different maturities are correlated at different level, and the correlation coefficients are all
larger than 0.57.
Figure 1: Spot-rate term structure 
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For the 6-month spot rate, the regression analysis demonstrates that it is not a random-walk
or stationary process, and that it shows obvious serial correlation and unit-root characteristics,
which is different from the former summary. This property may be generated in an inefficient
market [22], and may cause estimation bias [23]. Instead of discussing the reason for this, we
focus on the hedging strategy against the interest rate risk.
Consider the following case: One wants to hedge a single bond with another one instrument
against the interest rate. Suppose that he holds one bond B with price P , amount N , duration D,
and in order to hedge against the interest-rate risk, he sells an appropriate amount of standard
hedging instrument BA, for example a future contract or a benchmark bond, with price PA,
amount NA and duration DA. The total value of the combination is V = NP + NAPA, which
should be independent of the yield movement ∆y. Then one ontains
1http://www.wind.com.cn.
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Table 1: Correlation of spot rates 
  6-month 1-year 2-year 3-year 4-year 5-year 6-year 7-year 8-year 10-year 15-year 20-year 
6-month 1 
1-year 0.9768  1 
2-year 0.9271  0.9634  1 
3-year 0.8821  0.9264  0.9842  1 
4-year 0.8459  0.8973  0.9643  0.9871  1 
5-year 0.7983  0.8552  0.9297  0.9649  0.9839  1 
6-year 0.7860  0.8445  0.9209  0.9558  0.9757  0.9935  1 
7-year 0.7382  0.8057  0.8859  0.9260  0.9507  0.9695  0.9821  1 
8-year 0.6956  0.7654  0.8354  0.8789  0.9105  0.9377  0.9520  0.9866  1 
10-year 0.6301  0.7027  0.7846  0.8407  0.8792  0.9217  0.9371  0.9698  0.9823  1 
15-year 0.5706  0.6486  0.7127  0.7636  0.7988  0.8413  0.8488  0.8932  0.9146  0.9415  1 
20-year 0.7394  0.8077  0.8333  0.8407  0.8540  0.8616  0.8588  0.8658  0.8569  0.8183  0.8456  1 
NA = −N∆P
∆PA
. (2.1)
Specifically, if the movement ∆y is parallel or infinitesimal, the hedge ratio can be calculated
as NA = − NPDPADA , which is the ordinary duration-based hedging ratio. But for more general and
realistic cases, one has to completely evaluate ∆P as
∆P = P (Y + ∆Y )− P (Y ). (2.2)
There are two problems lie before us, the first is how to express ∆Y , and the other is how
to completely evaluate ∆P once the yield curve changes. Some researches focused on the first
problem by calculating ∆Y with various approximations (for more details, see references [24,
25, 26]), other researches introduced duration-based approaches to solve the second problem,
such as the traditional duration-convexity, the exponential duration and the discrete duration
(see references [27, 28]).
From mathematical point of view, the most precise solution is to accurately express ∆Y ,
and then completely calculate P (Y + ∆Y ). This method means that one needs large number
of hedging instruments to cover the interest-rate risk. It is time consuming and unrealistic, and
it will generate new risks such as liquidity risk and basis risk. And on the other hand, some
researchers find that higher-order principal components show increasingly oscillating profiles in
maturity and the variances associated to these principal components decay quickly [18, 19]. As
a result, using large number of hedging instruments to cover the interest-rate risk may not be
so efficient.
Unlike the traditional duration approach, we propose an method which allows for non-parallel
movement of the yield-curve. This method does not rely on historical data, and one can easily
adjust the hedging position depending on the market situation, which is flexible and not time
consuming. The main object of this stratedgy is to hedge against the interest-rate risk with less
instruments but with higher accuracy. We limit the number of hedging instruments to 3 or less.
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3 The model
The interest-rate term structure is actually a curve in 3-dimensional space, which has two
freedom degrees represented by two free parameters (t, T ), where t is the time (such as date)
and T is the maturity, and Y (t, T ) is not static but evolutive with time. This curve shows
smoothness in maturity but irregularity in time, so it is difficult to express it as an analytical
formulation.
Because of its smoothness, we choose a segment of the yield-curve between TA and TB
(TA < TB), which are the maturities of two hedging instruments, respectively. TB − TA can
not be too large, because under common conditions, a portfolio manager would unlikely use
a long-maturity bond to hedge a short-maturity bond, which will increase the liquidity risk
and basis risk. In China’s treasury-bond future market, the maturity of the deliverable bond is
between 4-7 year. So, we can safely use interpolation method to express the yield curve between
[TA, TB]. In the following, we apply the physical concept translation, rotation, twist to describe
the movement of the yield-curve.
Figure 2: Yield-curve movement 
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Suppose the yield-curve between [TA, TB] can be approximated as a polynomial Y (t), and
we need at least cubic polynomial in order to quantify the twist.
Y (T ) = α+ βT + γT 2 + λT 3. (3.1)
where the coefficients α, β, γ are constants determined by the hedging instruments we
choose. The translation, rotation, twist can be expressed by α, the first-order derivative and
the second-order derivative (or the curvature K(T ) = F
′′(T )
(1+F ′2(T ))3/2 ).
We can see from Figure 2 that the translation, rotation, twist can represent the common
movement of the yield-curve very well, but they are not co-moving with each other. As a 2-
dimension curve, it is the other variable t that determines the change of each kind of movement,
in another word, translation, rotation, twist should be related to different functions of t, re-
spectively. So, we can express ∆Y (t, T ) as follows,
∆Y (t, T ) = a(t) + b(t)F ′(t) + c(t)F ′′(T ). (3.2)
where, a(t), b(t), c(t) are independent time-dependent functions. Modifying a(t), b(t), c(t)
is equivalent to changing the level, the slope and the curvature of the yield-curve, respectively.
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Equation 3.1 means that we need 3 standard instruments to hedge against the movement of the
yield-curve. When using 2 hedging instruments, we need to drop the third term of Equation 3.1.
Once we obtains the expression of ∆y, the other problem left is how to evaluate ∆P . No
matter which approach is adopted (such as the exponential duration, discrete duration) [27, 28],
one needs two more hedging instruments, thus leads to more complex hedging strategy. Since
there is no robust evidence that the exponential duration approach or the discrete duration
approach overmatches the duration-convexity approach, we will adopt the traditional duration-
convexity approach to calculate ∆P .
∆P = P (−D∆Y + 1
2
C∆Y 2). (3.3)
Suppose we hold N bond with price P , maturity T , duration D, convexity C, and if we has
one suitable hedging instruments on hand, with price PA, maturity TA, duration DA, convexity
CA, then the most convenient and effective strategy is the duration strategy, with the hedge
ratio NA = − NPDPADA . This means that we can only cover the parallel movement risk of the
yield-curve with only one hedging instrument.
If we hold two suitable hedging instruments, the situation begins to change. Since we have
three instruments, we can determine three parameters in Equation 3.1, so we need to ignore the
third term. Accordingly, we have two kinds of hedging strategies as follows,
• Ignoring the third term of Equation 3.1, we obtain the following equation:
NPD(a(t) + b(t)(β + 2γT ) + c(t)γ) +NAPADA(a(t) + b(t)(β + 2γTA) + c(t)γ)
+NBPBDB(a(t) + b(t)(β + 2γTB) + c(t)γ) = 0. (3.4)
Thus, the following equations should be fulfilled in order to sufficiently hedge against the
movement of the yield-curve,
NPD +NAPADA +NBPBDB = 0,
NPDT +NAPADATA +NBPBDBTB = 0.
Solving these equations, we arrive at the hedge ratios NA, NB as follows,
NA = −NPD
PADA
TB − T
TB − TA ,
NB = −NPD
PBDB
T − TA
TB − TA .
We find that this result is the same as the result in [24]. But our results are more general
and flexible if we have suitable number of hedging instruments. In the following, we call
this approach as the quadratic approach. This approach means that we only consider the
translation and rotation of the yield-curve, so we need two hedging instruments.
• Taking use of Equation 3.3, which means that we adopt the duration-convexity approach
(equally, ∆Y = a(t)), we obtain the following equations:
NP (−Da(t) + 1/2Ca2(t)) +NAPA(−DAa(t) + 1/2CAa2(t))
+NBPB(−DBa(t) + 1/2CBa2(t)) = 0. (3.5)
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Thus, the following equations should be fulfilled,
NPD +NAPADA +NBPBDB = 0,
NPC +NAPACA +NBPBCB = 0.
Accordingly, the hedge ratios can be calculated as follows,
NA =
NP (CBD − CDB)
PA(CADB − CBDA) ,
NB =
NP (−CAD +DAC)
PB(CADB − CBDA) .
If we hold three suitable hedging instruments, we can fully determine Equation 3.1. Taking
use of Equation 3.1, and following the same procedure, we obtain the hedge ratios for the three
hedging instruments:
NA = −NPD
PADA
(T − TC)(T − TB)
(TB − TA)(TC − TA) ,
NB = −NPD
PBDB
(T − TC)(T − TA)
(TB − TA)(TB − TC) ,
NC = −NPD
PCDC
(TB − T )(T − TA)
(TC − TA)(TB − TC) .
where, we have set TA < TC < TB. It is clear that this condition will not impact the result.
In the following, we call this approach as the cubic approach.
Once the method to hedge a single bond is known, we can easily calculate the hedge ratios
for a portfolio with n bonds. Suppose that the maturity of each bond Ti lies between TA and
TB. The amount, price, maturity, duration and convexity of theportfolio are N, P, T, D, C,
respectively, which can be expressed as follows,
NP =
n∑
i=1
niPi,
T = max(Ti),
D =
∑n
i=1 niDi∑n
i=1 ni
,
NC =
∑n
i=1 niCi∑n
i=1 ni
.
Combining the quadratic approach and the cubic approach with the above equations, we
can use our model to hedge the bond portfolio.
In the next section, we will analyze the ability of our model in hedging against the interest-
rate risk. We will make comparison of the duration approach, the quadratic approach, the
duration-convexity approach and the cubic approach, respectively. To illustrate the results, we
carry out an empirical study. The representative bond and the standard hedging instruments
are actively traded treasury bonds selected from the Wind Financial Terminal.
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4 Comparison analysis
In order to compare the hedging effect of different methods proposed in Section 3, we select 4
representative treasury bonds and use the daily data from 2007-06-04 to 2008-06-04. In practice,
one tends to choose hedging instruments whose maturities are close to that of the representative
bond or portfolio. For example, one would prefer to choose instruments with zero-year to 2-year
maturity to hedge the portfolio with short maturity.
The representative treasury bonds and the maturity, price, modified duration, and convexity
of each bonds on the starting date (June 4th, 2007) are listed in Table 2, which are actively
transacted in Shanghai Stock Exchange.
Table 2: Representative treasury bonds 
Bond Designation Bond Maturity Price 
Modified 
Duration 
Convexity 
B1 010707.SH 6.9753  100.1231 6.0194  44.4876  
B2 010620.SH 6.4877  101.5148  5.6776  39.7876  
B3 010613.SH 6.2466  102.2012 5.4508  37.0361  
B4 010701.SH 6.6822  100.9553 5.8602  42.0806  
In the following, we will compare these hedging strategies by monitoring the daily profit-
loss under each strategy. We suppose that the bond we hold is B2 with N = 100, and the
hedging instruments are B3 and B1, with the amount NA and NB, respectively. When using
three hedging instruments, we also add in B4, with the amount NC . As a comparison, we also
use the duration approach to hedge against the interest-rate risk. The results of these strategies
are shown in Figure 3. It is obvious that the hedging strategies proposed in this paper are much
more effective than the duration approach. But we also find that if the maturity drops to below
about 6-month, these approaches can not hedge against the interest-rate risk so effectively, which
means that these strategies lose efficacy when hedging against the ultra-short-term interest-rate
risk. This may be caused by the high volatility and irregularity of the ultra-short-term interest
rate.
We also compare the quadratic approach and the traditional duration-convexity approach,
both of which contain two hedging instruments. The result is shown in Figure 4. We can see that
both strategies are comparable when hedging against the interest-rate risk. But in some period
(for example, the period around December, 2007), the quadratic approach performs better than
the duration-convexity approach.
Next, we will compare the quadratic approach and the cubic approach. The difference be-
tween these strategies is that the latter takes into consideration of the twist of the yield-curve.
Figure 5 shows that the cubic approach performs obviously better than the quadratic approach.
One reason for this is that we consider more information about the movement of the yield-
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Figure 3:  Comparison of hedging strategies  
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Figure 4: Duration-convexity approach and 
quadratic approach 
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curve, and the other reason is that we add B4 to immunize B2 against the interest rate, whose
maturities are closer to each other.
Figure 5: Quadratic approach and cubic 
approach 
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5 Conclusion
To hedge against the interest-rate risk, one should describe the movement of the interest-rate
term structure. The simplest approach is called the duration approach, which approximate the
movement as a translation. This method needs only one instrument to hedge against the interest
rate, and it is still widely used in the financial field.
We propose a new method to describe the movement of the yield-curve. Since the interest-rate
term structure is smooth in maturity T and irregular in time t, we can quantify the movement
of the term structure as a function of T and t. We use the polynomial interpolation method
describe the yield-curve between TA and TB, then the irregular movement with t is the risk
that should be hedged against. If we have two suitable hedging instruments on hand, we can
use the quadratic-polynomial interpolation, which will describe the translation and the rotation
of the term structure. If we have three suitable hedging instruments on hand, we can use the
cubic-polynomial interpolation, which will describe the translation, the rotation and the twist
of the term structure. For more complicated movement of the term structure, we can combine
the traditional duration-convexity approach and the polynomial interpolation approach, but the
shortage is that we have to use more than three hedging instruments, which would cause more
risks such as the liquidity risk and the basis risk and lead less efficiency.
The empirical analysis shows that our hedging strategies are comparable or better than the
traditional duration-convexity strategy. But all these methods will lose efficacy when hedging
10
against the ultra-short-term interest-rate risk. Furthermore, We note that none of these ap-
proaches has the capability to deal with a sudden jump in the term structure, so we needs
further researches.
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